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Abstract 
In this paper, according to the mathematical model of the hydraulic step system in the flow field, the 
second-order nonlinear differential equations describing the step body movement are linearized by 
the local segmenting method, and then the simple numerical solution is obtained by Laplace 
transformation. The analytical solution at special position and experimental results show that the 
numerical solution is accurate enough. Accordingly, the movement characteristics of the step body 
can be analyzed, the reliability of the hydraulic step system can be studied, and the design can also 
be further optimized. 
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1. Introduction 
In scientific research and practical application of fluid machinery, the nonlinear higher order 
differential equations are often encountered due to the flow field complexity, solving these equations is 
usually difficult, and there is not a specific mathematical method to obtain the analytical solution. The 
movement equations of the hydraulic step system are second-order nonlinear differential equations, the 
traditional method solving these equations is Runge-Kutta method, which obtains approximate solution 
by numerical integration. This method has many disadvantages, such as needs the help of the dichotomy 
method or other methods in calculation, the calculation speed is sometimes very slow, solution is not 
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accurate, even no solution can be got, and so on. Therefore, the local segmenting method is used to 
linearize these second-order nonlinear differential equations in this paper, and simple recursion formulas 
are obtained by Laplace transformation. Calculation results show that numerical solution is accurate.  
2. The hydraulic step system  
The hydraulic step system consists of fixed body, step body, rise electromagnetic valve, decline 
electromagnetic valve, pulse valve, water pump and several throttle valves, shown as Fig. 1. (a). There are 
many loops of long holes on fixed body, and there is a loop of circular holes on step body. When pressure 
and flow rate are appropriate, step body stops at a certain position because of the force equilibrium, at this 
time, the holes of step body and fixed body overlap. The relationship between the flow rate of throttle 
valve and the displacement of step body is shown as Fig. 1. (b). 
                    
Fig. 1. (a) The hydraulic step system. (b) The relationship between the flow rate of throttle vale and displacement of step body. 
3. Mathematical model of the hydraulic step system 
In steady state, mathematical model of the hydraulic step system is: 
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Where G is step body weight, X is step body displacement, Rm is movement damping coefficient, Pc is 
internal pressure of fixed body, Ȗw is specific gravity of water, Ȗt is specific gravity of step body, Pp is 
pressure of water pump, F is flow area of circular holes, a and b are experimental constants, B, L, c, d and 
e are structure data, Ac is frontal projected area of step body, Rk, Wk, Ak, Qk respectively is drag coefficient,  
water velocity, flow area, flow rater of throttle valve, Ry is drag coefficient of pipeline, Rh, Wh, Ah 
respectively is drag coefficient, water velocity, area of circular holes, Rl, Wl, Al respectively is drag 
coefficient, water velocity, area of the clearance between step body and fixed body. 
4. Mathematical treatment method of equations 
Because equations contain nonlinear factors Wk2, Wh2, Wl2 three square items and Rh segmented higher 
order function, equations are nonlinear second-order differential equations. Here, reasonable linearization 
will be made to avoid numerical integration in traditional method [1-7].  
Linearization methods have many kinds, such as Taylor series method, small signal analysis method, 
least square method, neglecting higher order small quantity method, segmenting method, and so on [8]. 
Local segmenting method in this paper is different from general segmenting method, it is a kind of 
method which segmenting method skillfully combines with recursion method.  
 Curve is approximately replaced by a series of straight lines in segmenting method [9], but the 
nonlinear factors of equations in the hydraulic step system are not easy to linearize. Therefore, these 
nonlinear factors will be linearized within a little time Ƹt. If Rhi is the value of  Rh when t = ti, Rh will 
change very small within Ƹt when Ƹt is small enough, namely Rh can be seen as a fixed value Rhi within 
Ƹt, so that Rh is linearized within Ƹt. If Wki is the value of  Wk when t = ti,  then  Wki+1 = Wki + ƸWk 
when t = ti + Ƹt, ƸWk will change very small when Ƹt is small enough, the parabola of Wk2 is replaced 
by straight line within Ƹt, so that Wk2 is linearized within Ƹt, the equations of straight line are:  
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Where ak = Wki+Wki+1, bk =̢WkWki+1, ah = Whi+Whi+1, bh =̢WhWhi+1, al = Wli+Wli+1, bl =̢WlWli+1.    
The error caused by the above treatment will be very small as long as Ƹt is small enough.  
The linearized equations can be transformed into algebraic equations by means of Laplace 
transformation, and then the solution of algebraic equations can be easily solved. The solution at t = ti + 
Ƹt can be obtained by inverse Laplace transformation. Finally, the solution at t = ti + Ƹt are converted to 
the solution at t = ti, and the following recursion formulas are got: 
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5. The results and  verification  
Fig. 2 is the relation curves of displacement, velocity and time after step body is disturbed by X(0) = 
9.0 mm, v(0) = 0.30 m/s or X(0) = 9.0 mm, v(0) = 0.31 m/s. 
 
Fig. 2. The relation curves of X, v and t after disturbed by X(0) = 9.0 mm, v(0) = 0.30 m/s or X(0) = 9.0 mm, v(0) = 0.31 m/s 
Fig. 2 shows: when X(0) = 9.0 mm and v(0)=0.30 m/s, step body finally stops at original equilibrium 
position X0 =̢0.8 mm, when X(0) = 9.0 mm and v(0)=0.31 m/s, step body rises one step, finally stops at 
X0 = 49.2 mm. The movement of step body is a damped oscillation near equilibrium position, the 
oscillation frequency is about 14.5 Hz from the data results. The results of ultrasonic test show that step 
body has natural frequency of 14 - 15 Hz in transient process. Meanwhile, after step body moves over the 
long holes in fixed body, it has been moving with uniform velocity 0.19 m/s for a period of time, this 
situation will appear as long as initial disturbance reaches a certain degree, and the velocity of uniform 
motion in a straight line can be calculated by the following equations: 
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Equations are quadratic equations, the analytical solution can be solved by normal mathematical 
method. Substituting original parameters, the velocity of uniform motion can be obtained: v = 0.193 m/s. 
The error between analytic solution and numerical solution is very small, shows that results of local 
segmenting method are accurate enough. 
 By changing original parameter, the parameter influence to the movement of step body can be studied, 
the design of the hydraulic step system can be optimized, and the reliability can also be improved. 
If temperature parameter is introduced, temperature characteristics of the hydraulic step system can be 
obtained by local segmenting method. Fig. 3 is temperature characteristics comparison chart of calculated 
values and experimental values in static state or rise state. Fig. 3 shows that the calculation values and the 
experimental values are in good agreement, and local segmenting method is correct. 
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 Fig. 3. Temperature characteristics comparison chart of calculated values and experimental values in static state or rise state 
6. Conclusions 
In movement analysis of fluid machinery, the mathematical model usually appears some nonlinear 
factors, the movement equations are often second-order nonlinear differential equations. Base on the local 
segmenting method, the numerical solution can be obtained. The special analytical solution and 
experimental results show that the numerical solution is accurate enough. This method overcomes the 
shortcomings of the traditional method, and has a certain generality, it is a new simple method to treat 
similar problem. This method can be used for movement analysis, reliability study and design 
optimization, it can meet the need of scientific research and practical application.  
Acknowledgements 
The research of mathematical treatment method in this paper is financially supported by the National 
Natural Science Foundation of China under Grant No.51179079. 
References 
[1] J.I. Ramos, Linearized methods for ordinary differential equations, Appl. Math. Comput. 1999, 104: 109-129. 
[2] A.-M. Wazwaz, A new method for solving singular initial value problems in the second-order ordinary differential equations, 
Appl. Math. Comput. 2002, 128: 45-57. 
[3] C.M. Bender, K.A. Milton, S.S. Pinsky, L.M. Simmons, A new perturbative approach to nonlinear problems, J. Math. Phys. 
1989, 30: 1447-1455. 
[4] C.Wafo Soh, F.M. Mahomed, Linearization criteria for a system of second-order ordinary differential equations. 
International Journal of Non-Linear Mechanics. 2001, 36:671-677. 
[5] H.De la Cruz, R.J. Biscay, F. Carbonell, T. Ozaki, J.C. Jimenez, A higher order local linearization method for solving 
ordinary differential equations. Applicd Mathematics and Computation. 2007, 185: 197-212. 
[6] Fazal M. Mahomed, I. Naeem, Asghar Qadir, Conditional linearizability criteria for a system of third-order ordinary 
differential equations. Nonlinear Analysis: Real World Applications. 2009, 10:3404-3412. 
[7] S.V. Meleshko, On linearization of third-order ordinary differential equations, J. Phys. A. 2006, 39: 15135-15145. 
[8] S. Q. Zhu, Approximate analysis of nonlinear systems. National Defense Industry Press. 1980. 
[9] D. Y. Xie, Asymptotic method. Friendship Press. 1983. 
